WAYE RESEARCH LABORATORY

STATISTICAL ANALYSIS OF WAVE RECCRDS

JANUARY 1854

—8

CALIFORNIA



Tniversity of California
College of Bngineering
Submitted undsr Coatrect WR 083-008
with the Office of Naval Research.

Inztitute of Engineering Rasearch
Wavss Ressarch Laboratory
Series 3 Issue 356

STATISTICAL ANALYSI3 OF WAVZ RECORDS

by
R.R. Putz

Berkeley, Caiifornia
January 1954

amtne il




Uriveraity of Califernis
Institute of Engineering Researsch
Serier 3 Issue 359

STATISTICAL ANALYSIS OF WAVE REGCORDS

by
Re R. mtz*

ABSTRACT

The establishment of quantitative relationships betwesn recorded
wave-cystem oharactaristios and other phenomens requires numeriocal deserip-
tion sof the wave recorde Current concepts appliad to time historias of wave
sotivity at a point are discussed. Characteristic statistiocal regularities
found 1n wave measurements ars described. Examples given show the applioca-
tioh of statistical techniques to the descripiion of wave systems in terms
of the distribution of spectral energy as well as the distributions of
Yindividual® wave heighte and periods. kesults from the prediction, from
cne point to another, of surface time histories 1llustrate the applicatiocn
of approximate speotral information.

INTRODUC TION

In the study of waves and their interaotion with their environmment,
there has been a need for effective desoription of observed weve systems.
Convenient data (Snodgrass, 1951, 1952) is provided by the recorded time
history, taken above some fixed point on the bottom, of the fluoctuating
pressure below the surface of of the water level at the surface. It will
be understood that the length of a wave record selected for analysis is
long relative to the periods of the fluctuations of interest, but short
oompared to the variations in meteorological conditiuns.

The question: we are oconocerned with are: :hat information is ocon~-
tained in a wave record? And how may this information be conveniently ex-
traoved? We shall first desoribe the statistical regularities suggest-
ing a partioular mathematical model (Tukey, 1950; Pierson 1952a) found
a3eful for interpreting wave-record data., The two complementary aspects
of this mcdel each involve a distribution - one a statistical distribution
of wave-rocord ordinates, ths other & spectral distribution of energy.
Theoreticali relatiocns conneoting varicus model parameters will be illus-
trated with aotual data, Although the experimental rcsults to be pre-
sented have been ovtained with pressure waves in the ocean for the most

part, many of the methods and results are aprlicable to othur kinds of
(‘.&tﬂ .

In the lower half of Fig, 1 is shown a short segment of e typical
wave record, giving the pressure fluctuation 64 feet below the surface
off tho California coast. The total time interval shown represents about
four and one-half minutes, during which from twenty to twenty-five waves
pase the reoording point. It will be sven that on the time-history curve
the apparent cslope and curvaturs, as well as the ordimats, vary lrregilar-
ly from one instant to the nezxt and bear little obvious relaticn to one
another. The most noticealle feature may bs the iwndency ror curvature
and ordinate, measured from its average l}avel, to have opposite signs.

* Ppreseatsd at the Fourth Confercnce on Coastal Engineering, Council on

Wave Research, the Engineering Foundation, Chicago 29-31, 1963.
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The uppsr half of #ig. 1 shows e sample segment generated by the theore
tiozl mods=l in which suitable parameters wore chosen to yield am artifi-
cial weve rescrd comparable to the observed one.

DISTRIMI TIONS OF ORDINATES AND DERIVED QUANTITIES

Suppose a horizcntal line is drawn cutting the wave-rscord curvo
Bt an arbiirary ievel. The fraction of the time ihe curve spends below
such a line is a function (Birkhoff end Kotig, 1953; Putz, 1953b) in=-
creasing with the haight of the lins knowa as the distribution function
for the curves A plot of this function for & typlcal twoenty-minute weve
record is shown in Fig. 2. IHore the number on the vertioal scale repre-
sonts the arbitrary chart level, the horizontal scale, the percent of time
that the cwve lies b@8low that lovel. The motion of the probability
of finding the curve below & given lovel may Lo intseoduced if ons thinka
of choosing at random an instant of time on the chart, The location of
the plotted points on an approximate straight line is nhareoteristic
(Put=z, 1863b) and results here from the choice of the horizental scele
which i3 tho familiar Gausslapm-distiributicn or normal-probubility scale.

The intsresting thinyg about wave records is the apprarent ability of
the normal probability scale to reatify very nearly not only the distri-~
butiou curves for the ordinate ana the first derivat.ve, which have been
experimenteally checked(Rudnick, 1951y Putz, 1953b), but also, according
tc the theory, the distribution curves for derivatives of all orders. In
each sase the mean value below which the ocurvs or derivative sperds just
fifty percent of its time will be 2ero. For the ordinates, this will ba
true because of our convention of measuring them from their mesn. E£inoce
in this way one point is fixed on each curve, the straight-line plots for
the various derivatives of the wave-record will diff'er among themselvss
oniy in their slopes. A convenient measure of the slope is the difference
between the height of the line at the 84.1 percent level and its height
at the 60 percent lavel. This di®fywncm, salled the standard deviation,
or root-mean-squars (r.m.s.) ordinute, when measured for thes kth derive-
tive, is denoted by O .

Ya Ly

n.re than one ordinate at 4 time. Given n erbitrarily-sslected chart
lavels, the n-dimensicnel generalization (Cramer, 1946) of the Gauvssian
distribution is then applicable to the freaction of the time that, simul=-

The ordinate distribution concept may be extended by considerire

tansously, o ordinates, chosen at different time instants cn the wave record

will 1ie below their correcponding chart levels, The assuiptiorn that for
each finite n, the selsction of n ordinates actually resuiis in a multi-

dimensional Geussicn &isiributizs Us. XuiWn as the mul tinormes Eypcth&sié,Such a dis-

triouticn iIs charaoterized by a set of parsmetere known as the covariances
(Cremer, 1946)s Theso parsmeters may be seacily interprated in terms of
the degree tc which th. wvarious ordintces detormine, or are deterrined by,
each other. Computation (Rice, 1vi4-5) tells us that the oovariance of
any two quantities so distributed is proporticvnal to cos( TW-P ),

where P is the probebility thet the two quartities have opposite algebraic
signs.



S3AVNIGHD 3HL 0 MOILONAJ NOILLABIHISIO 3ALLYINKRND

ST3A3T ONINIL G33IX3 S3AVM 3H1 JO SILVYNIQHO LVHL TYANILNI 1S3L 30 IN3OH3d
86 66 066 §'65

0 s00 1I'0 20 &T 1 [ ] 0i

o2

P Oy O 09 O 08

6 .ao .

HOARW PUOSas- (D D SDUIPX U} SNSDIW
iy 12200up AcM yj AQ pauinigo ojog X

‘S|DA LI

fUCOIS -| IO SIADM BY} JO SIIDUIPIOC JO
siuswanspaw (oitupw AQ PIVIDLA0 D00 O

‘ON3931

!

B

cs

e e

L

0e

(3141005

A3 ONIWIL LHVYHD

-
s
o

s

MYD-8021

FIGURE 2




.

N

A very converisnt property gf these multiple ordinete distritutions,
and one whion is physiocally reasonabls except for relatively long reoorda.
ie the stationery property (lee, 1949; Putz 195%a), namely that the dis-

.tributica of any set of ordinates depends only upon the differences in time

between the corresponding abscissas, We tnen have distributions with squal
oovariences whenever the corresponding two ordinutes are separated by the
aama +ima 'lnrr - A% R tha nowvarianas Y hatwaan any +two ordinates sAe
leoted at timea %’and t+ T depends only upon T . " The covariance is
thus a function of the lag T , the function Y (t') being kncwa ag the co-
variance function, (Mann, 19563), and, when divided by i%s maximum valus

Y ( o), &8 the correlation function, p (T ), the latter being the femiliar
produot-moment oorrelation coefficient. Once assumed for the ordinates,

the stationary and multinormel properties follow for derivatives of all
oxrders.,

WAVE HRIGHTS

Intarpratations fcor many of the parameters of these underlying
probability distributions mey be found in the distributions of sertain
quantities which may be graphiecally moasured on the wave record.

If Np denotes the number of times the kth derivative passes through
the zero level, end if T is the total length o the wave record in seconds,
4hen the everage number of zeru-level ocrossings {ap or dowr) per seccad will
be Mp/Te A naturul definition of the mean {undirectional) gero-crossing
frequenoy is then f} = N./(2T) in oycles per second, or Wy = 2TH./(2T) =
W‘Nk/'l‘ in radians per seoond. Theory predicts that w &= xc+1/°-

whish serves to relata the r.m.s. values of the ordinate and of the first
&nd second derivatives to the cbserved mean zero-crossing frequencles of
the ordinate and the first derivative, when k i. taken to be zero and ons,

Further relations appeiar if we consider simuitaneous values of or=
dinate and seocond derivative. The value of the coefficient of ocorrelatiocu
between these two quantities i= given by p, = cos (w-Po), where Po is

the fraotion of the tims that they have opposite signs, Theory (Rice, 1944-8)

prediots further that 2 = -(w .,/ Wi) = =(No/N1)e A subisfuccory
experimental check ol' the corresponding relation oos (T-P,) = =(Ny/¥;)

has beenobtained by looating points of infleoction on a Tew twenty-minute
records.

vie May nOwW consider the distribution of wave heights. For this

purpose we ghall take as fundamental the heights of the maximum points
on the wave record curvs, i.e., the naints at which the second doriva-
tive 1s negative and the first derivative is zero. The theory appiiles
also to minimum pecints if the wave-record curve is reflected about its
mean lsvel. If these psak hpwvhrv, mensured as dirscted distances from
ths mean level, are averaged, the

the svsrage trcough-to-crest wave

retical relation is

J—LH (Putz, 1$5¢a), The theu-

Fyg=(2T)e(~- po) T4, 1llustrated for twenty-
minute wave records in Fig. 3, vhere [, measured in ohart divisions,
is plotted against (No/Np) 0oy 81s¢ 1in chart divisions, The straight
line snown has the slope {27)2 given by the vheory. It is seen that the
everapge of the so-called individusl wave heights (Putz, 1553b) can provide
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a good estimate of the rem.s. ordinate when combined with a cc.at of
the mumber of times the ordirets and the slope pass through zero.

The entire distribution of pea¥ {or trcugh) heights (Rice 1944-5)
ziven by the theory, depends only upon O, and p,, and iz chown in Fig.
4. The vertizal scale corresponds to the chart level measured from the
mesn in O - units equal to the r.m.s. ordinate. The percent of peak
heights not exceeding this vertical level gppesrs on the horizontal, the
sonle in this oase being chosen to corrospond to the so-called Rayleigh
distribution (Longuet-Higgius 1962; Lawson and Uhlexbeck; 1950, Knudtzon,
1949) which the peak heights fcllow more and wore closely as the param=-
eter p, tends to the value minus one. It way be otserved that the pic-
bubiiity of a low peak situated below the mean level is just & (it+po)
whioch tends to zero as p, tends to minus one, corresponding tc a rela=-

ively narrow-band spectrum.

Fig. 5. shows a typlcal observed distributlion of peak heights for
& twenty-uinute wave record. lhe straight lins represents the asymptotic
Rayleigh distribution, while the curve reprssentz tUhe distribution of peak
heigh*s ectunlly predicted from measured estimates of I; and Pos 88
well as oi the mean ordinate M., The vertical level is irdiceted in
shart divisions on the left and ir og=-units on the right.

ENESRGY DISTRIFUTION

The statistical analysis of the periods betwesn the zero oros-
sings, or between the peaks on a wave resord is oclosely rvlatea tc the
disteibution of energy cver the frequency or period speotrum. This as=
gigmment of enercv 4o 8 ocontinuum of superimposed elemsntary waves is
specified Ly the so-called spect-al dictribution function or spectrum.
The spectrum provides a means of deriving anrd interpreting the parameters
cf the distributions of wavs~record ordinates and derivatives entering
into the distribution of wnve heights.

The distritution of energy is of fundamental impor tauce, of courss,
for the study of the generation, prcpagation and the eiffects of weves,
While information regarding tha frequency of occurrence of vmve heights
or periods of given magnitudes appears occasionzlliy to b- _. 3tly useful
for design purposes, a kncwivdge of the spectrum can be used whenavser the
frequency-response function corresponding tc & gezeral filtering action is
' known.

The usual spectrum analysis of a given wave-record sample results
of a oartein set of frequernies. Howevsr, the direot dependefrce of such
phase informetion on the tims origin tu which the speutrim snalysis is
attached, makes it unsuiteble as a possible parsmeter 1. v = stationary
random process. Thus it is paturel to take as fundamental the remaining
aspeot of thiw specirum -- i.e6., Tho amplitude, or equivalently, the square
of the amplitude, the sc-called power spectrun (Rice, 1944-5). }

There is a {unctiocn cttainable from a sample wave racord known ag
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the sample covarianoce function vhich has for its speotrum just the
powsr spectrum of the wave reocord ‘itself. In many oases the power 5peo=
trun of a given sample wave record is most naturally obtained by first
oomputing the coveriance function for the wave record which was observed.
However, any problem whose solution involves the predictivn of tho pos-~
sible sample wave reoords which might have been observed before or afier
the given one will naturally lead tc the association of & protahilistic
model with eaoh sample,wave recorc. This model mey be thought of &s
ocmprising a whole sot of possible; infinitely long, vave reocords, each
kaving the same power speztrum or covariance function. Ths identifica-
tion of this common ocovariance function with that desoribed earlier in
scnueotion with stationary muitinormal ordinste distributions is the
step which supplies the relation belwsen these probability distributions
and the speciral-energy distribution. The specification of the co-
variance function, together with the stationary multinormal assumption,
defines a sc~walled stationery Gaussian rardom (or stochasiic) funotion
fr process). (Mann, 19533 Lee, 1360).

The ability of such & thecreticel model tc describe observed wave
records is illustrated by compariung & sample taken from sueh a random
process with & typical wave record. The upper curve in I'ige 1 was gener-
ated after first specifying thres fixed numbers defining the speotrum and
thea consulting o table of random numbers (Wold, 1945).

If the methematlcal moments of the spectrum exist (Putz, 1953a) ,
esrtain of these cen be shown to be equsvalent ¢ the r.m.s. valuses of
the derivatives of the original wave record, while certain ratios of these
moments are essentlially the coefficients of oorrelation between the deriva-
tives. Thus the r.me.s. ordinate Oy is the zero=-order moment of the speo-
trum or the total speotral energy, while p, is rsiated to the second-
order speotral moment, or more precicely, to a certain measure of the
relative spectral bandwidth when ths iatter is small,

TIAVE PERINDS

It has pean seen thai the iustazts of time at which the wave reoord
passss through zero or through a peak enter,by way of the relative spectral
bandwith,into a relation betwesn the wave heights and the r.m.s. ordinate,
For the analysis of ths spcotrum, the differences bestwsen two successive
zero-orossings may be considered the fundamentel individual wawve periode.
Aoocording to the theory, for a long record the list of thess individusl
wave periods in the order of their ocourrence 1s complstely equivalent to
the spectrum. Peak-tc-trough or trough-to-pealr time iantervals, corrss-
ponding to the periods between sucocessive zero=-crossings of the wave-record
derivative, while more sensitiwe to the influsnce of nolss, ars capatle in
prinoipie c¢f ylelding the same infermation. On the other hand, peak=-to-
peak or trough-to-trough time intervals (Snodgrass, 1562), corresponding to
tha neriods between alternate zerc-orcssings of the dorivative, would be ex-
pested to contain less information.

The signifiocance of the zero-crossings for our model lics in the faot
that the abscissas of these points soparate the intervals during which the
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wave record has constent sign. Using these abscissas, we may estimate
the correlation function for & glven wave record by first determining the
fraction ¥ (T ) of the time that the originel wave record end the wave
record advanced by a time interval I lhave.opposite sign. It is fraw
the corrs=lation function P{ v} = cos (WP T)] that the spectral ip-
formai:ion 1s obtained.

Pig. 8 shows a comparison of tho estimate of pg T ) obtaired for a
twenty-minute record by mecsuring isro-orossing ebscissas and the crdinary
esiinste (Tukey,10493; Piersan,k Mrrke} obtained by measuring ordinates
eve:r ' second. This agreement betwser correlation functions hes been found
suffielently close to resuli in a relatively small difference “otween the
sorresponding estimates of the wave-record power spectrum from tne two
methode. It may be observed that in addition to measuring 12C0 ordipates
on the weve resoord, nearly 1200 multiplications and 1200 additiuvns are reé-
quired to ~btain eaoh point of the solid-line curve, while for each point of

the dotted line curve it 1s sufficient to measure about 200 absciscas on
the wave reocord and perform abcut 400 additions and 200 subtraotions. While
sithbr method leads to & substantial saving in labor over 4 straightforward
aumerioal Fourler analysis of the original wave record (James, Nichols

and Phillips, 1947); the zero-crossing method for the correlation fuaction,
rejuiring essentially ro multiplication, may bs carried out with only an 24-
ding machine.

The degree of reliability of the zero-crossings exhibited by this
one experimental check on a twenty-minute wave record mey be of some theo=-
rotiocel interest. The close gorrespondence, partioularly for small time
lags, seen in Fig, 6 is additional evidenoce for the gencral mathemetioal
model wo have desoribe.’, and for ths multinormel property in particuler,

It constitutes evidence also for the saxmpling adequacy of & 'cve record
twanty minutes in length. The indications are that the so-ocalled individu-
al wave periods, suitubly defined, caan furnish reliadble information about
the Fourler speotrum of the wave recora.

This kind of approximate spectral ianformation has been used to pre-

diot, by a least-squwas method (Putz, 1952b), the behavior of ocean waves
at ono time and place from their behavior at a time and place nearby.
The resulting prediction is shown in Fig. 7, where the upper plot repre-
sents the time history of the observed surface elevation at a point 1570
feet seaward of tha point at which prodietion was to be mede. The lover
pert of the [ipure shows the obssrved and the prsdicted wavs rscord at

the shoreward point fifty seconds later. The fact that the accuracy of

prediction rerresentsd here compares favorably with that based upon s
more exact spectrum analysis is a further indication of the reliability cf
the inf'ormation provided by the zero-crossings.

SULMARY
Thers exlsts an approximate mathematical model for wave records

w¥hich may be profitably explcited uvntil refinenments in it are found ne=
cessary. This model specifiss simple verifiabie reletions which may be
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expeoted vo Lolil betwesn appropriate quantitiss oasily measured on long
weve records, Jhe parametars coourring in the model may be estimated fram

dividual wave-height anc weva-period distrioutions. A faw such para-
melers, aasily interpreted in terms of the specirum; are available for the
desoription cf a wave record.
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